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Abstract. In this paper we characterize trace spaces of vector-valued Triebel-Lizorkin, Besov, 
Bessel-potential and Sobolev spaces, equipped with anisotropic power weights. One of our main 
tools is a new Sobolev embedding result for weighted function spaces. In the main part of 
the paper we consider intersections of function spaces with mixed regularity. We prove mixed 
derivative embeddings with microscopic smoothing and obtain results on traces of intersected 
spaces. This provides an effective method to characterize trace spaces for evolution equations 
and boundary value problems. We illustrate this by means of a new result on maximal U'-L'>- 
regularity for the linearized two-phase Stefan problem with Gibbs- Thomson correction. 

1. Introduction 

In recent years the L^-i'^-maxinial regularity approach to parabolic PDEs has attracted much 
attention. In the influential works |13[ I30[ 157) a new theory of maximal i^-regularity was founded 
and many classes of examples are shown to have this property. Maximal regularity means that 
there is an isomorphism between the data and the solution of the linear problem in suitable function 
spaces. Having established such a sharp regularity result one can treat quasilinear problems by 
quite simple tools, like the contraction principle and the implicit function theorem (see [5j 1121 139) 
and references therein). Due to scaling invariance of PDEs one often requires p ^ q for the 
underlying function space LP{L'^) (see e.g. [20] and [HI Section 3]), where p is the integrability in 
time and q is for the space variable. 

In the L^'-i^-approach to linear and quasilinear parabolic problems with nonhomogeneous 
boundary conditions it is essential to know the precise temporal and spatial trace spaces of the 
unknowns. In this way different types and scales of function spaces meet and come naturally into 
play. For example, in the L^-L'^-approach to the heat equation one looks for strong solutions in 
the parabolic Sobolev space 

iji'f (R+; i«(M'*)) n LP{R+;H^'''{R'^)), 

whose temporal trace space at t = is well-known to be the Besov space Bq^'^^P{W'). More 
recently, it turned out that the spatial trace space at the coordinate Xd = is the intersection 
space 

(1.1) F^;^^/^^'^^R+;L'^{R'^-^))nLP{R+-B^^-^/'^{R'^-^)), 

where ^ denotes a Triebel-Lizorkin space. The spatial trace space (|l.ip was obtained in [551155] 
ioT q < p and more general cases were considered in [Mj [27] . We conclude that the L^-i^-approach 
for already such a basic example as the heat equation with inhomogeneous boundary conditions 
involves three scales of function spaces. 

In the case of free boundary problems or, more generally, for parabolic boundary value problems 
of relaxation type (see |15j). a second unkown is involved, which only lives on the boundary. 
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For instance, for the transformed and linearized two-phase Stefan problem with Gibbs-Thomson 
correction, the optimal space for the boundary unknown is 

(1.2) i^3/2-l/(29)(jg^. ^g^jjjd-l^^^ ^^1-1/(2,) ^2,,(]gd-l)) ^ 

see [iSJEH] or Lemma \9A\ below . To treat the corresponding problem with nontrivial initial values 
one now has to determine the precise temporal trace space at i = of this triple intersection space. 

Moreover, if more than one boundary condition is involved, then mixed derivative embeddings 
are important to determine the optimal regularities of all boundary inhomogeneities, see |15[ 1161 
[H m m Eg and section [71 

Stochastic parabolic equations and Volterra integral equations (see [371 ISHl [59] ) are other sce- 
narios in which intersection spaces, even in an abstract form, come naturally into play. For an 
operator A with a bounded 77°°-calculus on a space X = L'' with g > 2 it is shown in jST] that 
the pathwise optimal regularity in the context of stochastic maximal L^-regularity is 

H'^P{R+;X) n LP{R+;D{A^^^-')), s e [0, 1/2). 

In many situations, e.g., when boundary conditions are involved, the fractional power domain 
£)(^i/2-s'j Qj-^]^y closed subspace of a function space as above. This is our motivation to study 
intersection spaces in an abstract form. 

In a next step it is natural to introduce temporal power weights w{t) — V for the intersection 
spaces. Indeed, in many cases maximal regularity properties of parabolic problems are independent 
of the weight (see [351 UT]). Moreover, the weights yield flexibility for the initial regularity and thus 
a scale of phase spaces where the solution semiflow acts. This can be used to show a smoothing 
effect of the parabolic equation and compactness of the semiflow, which is an important property 
for the investigation of the long-time behavior of solutions (see (41] Remark 3.3] for a discussion). 

In this article we can to a large extent overcome the problem of mixed regularity scales and 
study trace spaces and mixed derivative embeddings for a general class of intersection spaces on 
the line with power weights. Our results allow to characterize the regularity of the initial values in 
the temporally weighted L^-L'^-approach to parabolic problems with general boundary conditions, 
as treated in [151 [28] (see also Remark [9^ . We demonstrate the scope of our methods by proving 
maximal L^-L'-regularity for the fully inhomogeneous linearized and transformed two-phase Stefan 
problem with Gibbs-Thomson correction. 

As it turns out, the weights are not only useful for the applications. Sobolev embeddings 
for weighted Triebel-Lizorkin spaces being independent of the microscopic parameter q (see 
Section [3]), are in fact the main technical tool in our investigations. 

Let us describe the results in more detail. We start with the trace spaces at the hyperplane 
{(x', 0) : x' G M"^^^} of the power weighted vector-valued function spaces 

(1.3) W'''P{W,w-X), W'P{W,w-X), Bl^{W,w-X), F;^^{W',w-X), 

which denote Sobolev, Bessel-potential, Besov and Triebel-Lizorkin spaces (see Section [^TT] for the 
definitions). The next theorem is our main result. The proof will be given below in Proposition 
l44l Theorem l4Jl and Corollary [48] 

Theorem 1.1. Let X be a Banach space, p G (1,cxd), q G [l,oo], w{x' ,t) = \t\'' with 7 > —1 and 
s > Then for the trace operator tr at {(x',0) : x' G M''^^} it holds 

tv{B;jR'',w;X)) ^BZ^iR''-';X), ti {F^JR'' ,w; X)) ^ B^^ {R"-' ; X). 
Assume in addition that 7 < p — 1 and to G N. Then 

tT{W'"''P(R'^,w;X)) ^ Bp':j;^{R'^-^;X), tr {H''P{W\w; X)) = B^^ iR"^'^- X). 

Here the notation ti{A{M.'^ ,w; X)) ^ B{R'^-^;X) means that tr : A{R'^,w;X)) B{R'^-^;X) 
is continuous and surjective, and that it has a continuous right-inverse. The precise definition of 
the trace operator tr is given in Section 4.1. 
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Remark 1.2. 

(i) The weight w{x' ,t) = \t\'^ can be seen as a power of the distant function to the hyperplane 
{(x',0) : x' e M''^^} where the trace is taken. As a resuh, the exponent 7 appears in the 
trace regularity s — Of course, for 7 = one recovers the unweighted case. The situation 
of the theorem serves as a model case for spaces ^{n,w; X), where f2 C K'^ is a smooth 
bounded domain and w{x) = dist(a;, Sfi)''', see [29l [33] . 

(ii) In the unweighted case 7 = 0, the trace spaces of (|1.3p are well-known at least for X — C, 
see [m [50] and the references therein. Recently, also the general vector- valued case was 
investigated and the trace spaces were characterized in 021 ll^ . Results for radial weights 
w{x) = Ixp are obtained for scalar Sobolev spaces in [T], and in the general case for (|1.3p 
in [24]. In the radial case the weight exponent does not appear in the trace regularity. 
Traces of Sobolev-Slobodetskii and Bessel-potential spaces with weights equal to a power of 
the distance to the boundary are intensively studied, see the references given in [50l Sections 
2.9.2, 3.10.1]. In particular, in [22l Theoreme 7.1] a partial result for Besov spaces is obtained. 

(iii) The additional condition 7 6 {—l,p — 1) for the W- and iJ-spaces holds if and only if w 
belongs to the Muckenhoupt class Ap (see Section [2T]) . 

To determine the trace space of a Besov space in Theorem ll.il we follow the arguments of [12] 
for the unweighted case. The result is in fact a consequence of the description of the i3-spaces by 
the decomposition method and elementary Fourier analytic ^''-estimates for the trace of functions 
with compact Fourier support. 

Our approach to the trace space of an _F-space is surprisingly simple and is based on Sobolev 
embeddings and the trace space of a Besov space. In Section O we derive the embeddings for 
weighted spaces with anisotropic power weights are derived from our results in [36], where radial 
weights were considered. The trace space of a W- and iJ-space follows as in [42] from a sandwich 
argument, based on the embedding 

(1.4) FI^{R'',w;X)^H''P{R'',w;X)^F;^^{R'',w;X), 

and analogously with H replaced by W (see Section [2TT|) . Here the second embedding is valid 
only if w satisfies a local Ap-condition, which results in 7 < p — 1. The first embedding it true 
for ah w e Aoo- We note at this point that H''^p{R''; X) = F^^^i^'^'^ i-^-, the Littlewood-Paley 
decomposition for LP{R'^; X), is valid if and only if X can be renormed as a Hilbert space. 

It is known that the trace problem is intimately related to Hardy's inequality. As another conse- 
quence of the weighted Sobolev embeddings with fixed p we provide in Theorem l3.5l a microscopic 
improvement of Hardy's inequality in the target space. This is another hint for the canonical 
use of weights and Sobolev embeddings for trace considerations. The interpretation of Hardy's 
inequality as a Sobolev inequality with weights is well-known, see |5H Section 16.4]. 

The second and main part of our paper is on intersections of spaces with mixed regularity 
(e.g. H°''P{R; X) Lp{R; D{A°')). To investigate such spaces we first show an operator-valued 
Fourier multiplier theorem for B- and f -spaces with Aoo-weights and give a characterization of 
these spaces in terms of differences, see Sections [5] and [6l Then we use the multiplier theorem to 
prove mixed derivative embeddings for abstract intersection spaces in Theorem 17.11 For B- and 
-ff-spaces, embeddings of this type are well-known and widely used in the context of boundary 
value problems with inhomogeneous symbols, see [13 dSl [ISl [Ml 1311 [33- 

In the case when the inner spaces are -F-spaces, we prove a new smoothing effect with respect 
to the microscopic parameter. A special case of Theorem 17.31 is the following. 

Theorem 1.3. Let d,m E N, p,po £ (1, 00), q e [1, 00], si, S2 £ R, ai, 02 > and 9 6 (0, 1). Let 

ri = si + 9ai and r2 = S2 + (1 — 0)a2. Then 

F;^+'^^{R'';F;i^{Rn)nF;^^{R'';F;^^+^^iR"^)^ ^ f;^^{r^;f;i,{W'^)), 

The results remains true if one replaces F by -B in the outer scale. In view of the monotonic 
properties of the F-spaces (|2.7p and (|1.4p . the essential point of this result is the fact that on the 



4 



MARTIN MEYRIES AND MARK VERAAR 



left-hand side in the inner scale one has the "large" spaces F^^ ^ and F^^'^'^ and on the right- 
hand side the "small" spaces i, hence there is a microscopic improvement. Using (jl.4p . the 
embeddings apply in particular to the intersection spaces of type (|1.2p . An analogous microscopic 
improvement for the outer regularity scale does not hold, see Proposition 17.51 

Our trace result for abstract weighted intersection spaces on the line is as follows. For the 
notion of sectorial operators and the real interpolation spaces Da{9,p) we refer to Section 2.2. 

Theorem 1.4. Let p G (1, oo) and w{t) = \tp with 7 G (— l,p — 1), suppose that s G R and a > 
satisfy s < < s + a, and let A be a sectorial operator on a Banach space X with spectral angle 

4>A < min{-|, ^} and r > 0. Let 9 = r + s + a — ^^f^- Then for the trace operator trg at t = it 
holds 

tTo{F;+"{R,w;D{A'))nF;jR,w;D{A-+"))) =DA{e,p), <?G [l,oo], 
tro(B^+"(R, w; D{A^)) D B;^^{R, w; D{A-+''))) = DA{d,p), 
tTo{H''+°'-P(R, w; DiA"")) n iJ^'P(R, w; D{A''+°'))) = DA{e,p), 
tro(W^'*+"'''(R, w; DiA"-)) n iJ^'P(R, w; D{A'-+°'))) = DAi9,p). 
Remark 1.5. 

(i) If s > - 1, then the right -inverse of tro can be chosen such that it only depends on A. 
In the other cases the extension operator in our proof depends on s, a and A. As shown in 
Lemma l8.1i tiQ is maps continuously to Da{0,p) for all 7 > —1. 

(ii) The essential point is the independence of the trace space of the i^-intersection spaces of the 
microscopic parameter g G [1, 00]. It follows from a sandwich argument that the trace space 
of spaces with mixed regularity inside the F-scale is also equal to Da{&tP)- More precisely, 
let -4p+" and be function spaces such that 

ps+a ^ ps+a ps ^ f2S ps 

^ p,l ' ■^p ' ^ p.oo I P,i P p,oo' 

see e.g. (|1.4p . Then the theorem shows that 

tro(^;+"(M, w- D{A'-)) n S^(R, w; D{A-+''))) = DA{e,p). 

In special situations, real interpolation allows to replace e.g. D{A^^°') by DA{r + see 
the proof of [Ml Theorem 4.2]. Moreover, in combination with Theorem 11.31 one obtains 
independence in the outer and the inner regularity scale in the context of traces. 

(iii) As mentioned before, the intersection spaces and their variants arise in the maximal L^- 
L'-regularity approach to deterministic and stochastic parabolic evolution equations, see 

[HIiaiiaiillEHlESlEzlllIllSlllMllSi. 

(iv) The theorem applies in particular to any fractional power of —A on 

X e {H^-^'i{W),Bl„{R%Fl„{m.^) : rGR, gG(l,oo), aG[l,(X3]}. 

Since the spectral angle of —A is equal to zero, a > above may be arbitrary large. 

(v) The result is a generalization of [SH Theorem 4.2] in the weighted case, and of [TBI Theorem 
4.5] and [59] Theorem 3.6] (see also [58j Theorem 3.1.4]) in the unweighted case. In these 
works only the H- and B-spaces were considered. The continuity of trg was proved in [59l 
Theorem 3.6] under the assumption that X is a UMD Banach space and that A is 7?.-sectorial 
with 7?.-angle not larger than ^ . The reason for these stronger assumptions is that the proof 
in [59] relies on the operator- valued Fourier multiplier result due to [57] . Moreover, the proof 
uses a result on complex interpolation of i7-spaces with Dirichlet boundary conditions (see 
[46], and 6 for the vector- valued case), which is not trivial to extend to weighted case. The 
condition 0^ < ^ is not assumed in 59 . Also for Theorem 11.41 it should not be essential. 

(vi) The traces of anisotropic Besov and Triebel-Lizorkin spaces, not necessarily of intersection 
type, are studied in [6l [8l [27]. However, there are only partial results on how the spaces 
considered there are related to the intersection spaces when X and D{A) are function spaces 
over as above, see [6l Sections 3.6-3.8], [27', Section 5] and [28, Section 5.2]. In particular, 
the case of an operator with boundary conditions on a domain is not included there. 
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(vii) It should be possible to generalize Theorem 11.41 to dimensions d > 2. Given the situation 
of the theorem, using a Fubini argument and the methods of Section 8 one can see that the 
trace tr at {{x', 0) : x' e R''~^} maps 

continuously into 

BZ''''^(R'-';D{An)nLP{R''-';DAi0,p)). 
We expect that this is indeed the trace space. It seems elaborate to construct a right-inverse. 



Theorem ll.4l is shown in Section 8. The proof of the continuity of trg is based on a semigroup 
representation of the real interpolation spaces Da{9,p), Hardy's inequality, the equivalent norm 
in terms of differences for the F-spaces and weighted Sobolev embeddings (see Lemma [8. ip . The 
right-inverse for tro is essentially the semigroup e~'^, combined with an extension operator to 
R. The proof of the desired mapping properties in Lemma 18.31 is once more based on Sobolev 
embeddings. 

In the final Section 9 we apply the general results and prove maximal L^'-L'^-regularity in the 
parameter range -^p^- < q < 2p for the fully inhomogeneous linearized two-phase Stefan problem 
with Gibbs- Thomson correction (see [18] and the references therein). The corresponding original 
problem is a free boundary problem which can be used to model the melting of ice. Based on the 
results of |28j for trivial initial values, our main contribution is here to determine the temporal 
trace space of (|1.2p . The case p = q was considered in [TB] for the one phase problem, and in [TB] 
for the two-phase problem. 

This paper is organized as follows. 



• Section 2 

• Section 3 

• Section 4 

• Section 5 

• Section 6 

• Section 7 

• Section 8 

• Section 9 



preliminaries on weighted function spaces. 

Sobolev embeddings theorem with an anisotropic power weight. 

trace space of weighted function spaces (Theorem II. 1|) . 

operator-valued Fourier multiplier theorem for weighted F and i?-spaces. 

equivalent norms in terms of differences for weighted F and B-spaces. 

mixed derivative embeddings for spaces of intersection type (Theorem 1 1.3p . 

traces of intersection spaces fTheorem ll.4|) . 

linearized two-phase Stefan problem with Gibbs-Thomson correction. 
2. Preliminaries 



2.1. Function spaces and elementary embeddings. We briefly recall the definitions and 
embedding properties of the weighted vector-valued function spaces. For details and references we 
refer to Sections 2 and 3]. 

For p G (1, cxd) the Muckenhoupt class of weights is denoted by Ap, and Aoo = Up>i ^p- ^^'^ 
present work we mainly consider power weights w on R'', d > 1, of the form 

w{x',t) = \t\'^, x = {x',t)eW\ a;'eR'^"\ < G R. 

Here we have w ^ Ap ii and only if 7 e (— l,p — 1) (see [551 Example 1.5]). 

For a Banach space X, p ^ (1, 00) and w G Ao^ the norm of Lp(R'^, w; X) is given by 



lLp(R'i,u,;X) := (^J ^ \\fix)\\x'U}ix)dx^ 



One further defines L°°(R'^,w;X) := L°°(R'';X). Let y{R'';X) be the Schwartz class of X- 
valued, smooth rapidly decreasing functions on R'', and let y{R'^;X) = ^{y{W^);X) be the 
space of X-valued tempered distributions. The Fourier transform of a distribution / is denoted 
by ^/ or 7. 

Let $(R'^) be the set of aU sequences {Vk)k>Q C yiR"^) such that 
(2.1) ^0 = ?, ^,{0 = v{^/2) - ^fc(0 = ^i(2-'+'0, k>2, CeR^ 
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where the Fourier transform of the generating function ip satisfies 

e)<i, eeR', 

For (^fc)fc>o e <^{W^) and / G y'{W^]X) we set 



(2.2) o<^(e)<i, eeR', = 1 if 1^1 < 1, '^(o = if lei > I 



Skf = Pk.*f ^^-\^kf). 

As a consequence of the boundedness of the Hardy-Littlewood maximal function on LP(IR'^,w), 
for w e we have (see e.g. [36l Lemma 2.3]) 

(2.3) sup ||5fc/||LP(Rd.„,;X) < C||/IIlp(R'',u);X)- 

fe>0 



£9(LP(R'',to;X)) 



Now fix a Banach space X, p £ (1, cxd), g G [1, oo] and w G Aoo- Then for / G S^'{Sr; X) we set 

WIWe-; (VL-i.iD-X) ■= (2''^'5'fe /),.>(, ^ ^ ^ ^ , 

11/11//=. p(R<i,iu;X) + I • P)*^^/]||LP(R<i,to;X)- 

These norms define the Besov space Bp ^(R*^, w; X), the Triebel-Lizorkin space Fp ^{R'^, w; X), and 
the Bessel-potential space H''-'P{M.'^,w;X), respectively, which are all Banach spaces. Any other 
{ipk)k>o & ^ leads to an equivalent norm on the B- and i^-spaces. If s G R+\N, then we set 

W'^PiR',w;X) ■.^B;^p{R'',w;X), 

and for m G No, 

ll/llw™-P(R<*,ii>;X) •= ^ f\\LP(R'i,w;X)j 
\a\<rn 

where the derivatives Z?" are taken in a distributional sense. These norms define the Slobodetskii 
and the Sobolev spaces, respectively. Note that iP(R'^, w; X) = iJ'''P(R'^, w; X) = W°^p{W\ w; X). 

Each of the above spaces embeds continuously into y'(R'^;X). Conversely, S^{R'^;X) embeds 
continuously into each of the above spaces, where this is a dense embedding if p, g < oo. 

Let a Banach space E be continuously embedded into ^'(R'*; X). The space E is said to have 
the Fatou property if for all {fn)n>o C £' it holds 

lim /„ - / in Y'{R'':X), liminf W/Je <^ =^ feE, \\f\\E < Hminf ||/„|U. 

Proposition 2.1. Let X be a Banach space, s G R, p G {l,oo), q G [l,c)o] and w G Aoo- Then 
each of the spaces B^ ^(R'^, w; X) and F^ ^{R"^, w; X) has the Fatou property. 

Such properties were used in jT^j for the first time and independently in [5]. For a slightly 
different formulation as ours and a proof we refer to [42l Proposition 2.18] and [44l Proposition 4]. 
The Fatou property is useful as a substitute for the density of ^(R"^; X) in the B- and i^-spaces 
in the important case when q — oo. 

There are elementary embeddings between the function spaces, see |3S1 Propositions 3.11 and 
3.12]. For s G R and m G No we shall make particular use of 

(2.4) F;^,iR',w;X) ^ H''P{R'',w;X) ^ F;^o,iR',w;X), 

(2.5) i^p"\(R^ w; X) ^ W'^-PiR'^, w; X) ^ Fp™^(R^ w; X). 

The above embeddings into F^ ^^^d Fp^o ^-re valid for w G Ap. In 36, Remark 3.13] it is shown 
that a local Ap-condition is necessary for (j2.4|) and p.Sp to hold. For power weights w{x',t) — 
\tp as above this condition is equivalent to the usual ^p-condition. The above embeddings for 
Fp I (W^, w; X) are valid for all w G A^o • For all g G [1 , oo] , s G R and p G (1 , oo) one further has 

(2.6) B^,^i„^p,,}(R^u;;X) ^ F;JR'',w;X) ^ B;^^^,^p^^y{R'' ,w; X), 
and ii I < qo < qi < oo, then 

(2.7) BUR'',w;X) ^ B^,,^ (R^ X), (R^ u;; X) ^ F^^^iR^w; X). 
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2.2. Sectorial operators and real interpolation. Below we only recall some standard defi- 
nitions and results on sectorial operators. For a detailed exposition we refer to [31 [T31 [SH 130] . 
Let A be a densely defined operator on a Banach space X. Then A is called sectorial on 
= {A e C\{0} : |argA| < 9}, 9 G (0, tt), if is contained in the resolvent set of —A 
and if there is a constant C > such that || A(A + A)~^ \\^{x) < C. The infimum of all 9 with this 
property is denoted by (pA and is called the spectral angle of A. The operator —A generates an 
analytic Co-semigroup if and only if it is sectorial with (I)a < ^■ 

For a 6 R the fractional power A" of a sectorial operator A is defined by the extended Dunford 
calculus as in [13l Section 2]. If |a| < then A" is also sectorial with (j>A'' < \oi\(f>A (see [T3l 
Theorem 2.3]). 

For s G (0,1) and p G [l,oo] the real interpolation functor is denoted by {■,-)s,p- For an 
invertible sectorial operator A we write 

DA{k + 9,p) = {x e D{A'') : A'^x e {X,D{A))e,p}, fc £ No, e (0, 1), pe[l,oo]. 

For our purposes it is further convenient to define 

DA{k,p) = {xeX : A^/'^x e ^^(fc - 1/2, p)}, fc e N. 

Here 1/2 may be replaced by any other 9 G (0, 1). With this notation, the reiteration theorem and 
[50l Theorem 1.15.2] show that for all 9,a > the operator A" is an isomorphism Da{9 + a,p) — ?> 
Da{9,p) and D(A^+") ^ D(A^), respectively. If —A is invertible and generates an analytic 
Co-semigroup, then it follows from [50l Theorem 1.14.5] that 



(2.8) "^"^[J '^''''""'ll^e-^'^a;!! 

defines an equivalent norm on Da{9,p) for 9 G (0, 1). 



p da 



i/p 



3. SOBOLEV EMBEDDINGS FOR ANISOTROPIC POWER WEIGHTS 

In this section we prove Sobolev embeddings for function spaces with anisotropic weights. In 
the case of Triebel-Lizorkin spaces these embeddings are independent of the microscopic parameter 
g G [1, oo]. In [36l Theorems 1.1 and 1.2] we have characterized such embeddings results for spaces 
with radial power weights in terms of the parameters. The flexibility in both the microscopic 
parameter q G [1, oo] and the weights, combined with elementary embeddings (j2.4p and (j2.5p . are 
key elements in our investigations of trace spaces. 

From [Ml Theorems 1.1 and 1.2] one obtains the following sufficient conditions for Sobolev 
embeddings with radial weights. 

Theorem 3.1. Let X he Banach space, 1 < po < Pi < oO; 'ZOj'Zi G [l,oo], sq > si o,nd wo{x) — 
\xy'' , wi{x) — \x\''^ with 7o,7i > ~d. Suppose that 

71 70 , + 70 + 71 

— < — ana so — si . 

Pi Po Po Pi 

Then one has the continuous embedding 

(3.1) f;i^„ (R^ wo; X) ^ f;i^^ (M^ wi;X). 
Suppose in addition that qq < qi- Then 

(3.2) b;i^^^ (M^ wo; X) ^ b;^^^ (R^ w,;X). 

Our arguments for the corresponding embeddings for anisotropic weights are based on the 
following inequality of Plancherel-Polya-Nikol'skij type, see [36l Proposition 4.1]. 

Lemma 3.2. Let X be a Banach space and let 1 < po^pi < oo. Let 70, 71 > —d and wo{x) — \x\'^" 
and wi{x) = {xl"'^ . Suppose 

71/70 , d + -fi d + jo 
— < — and < . 

Pi Po Pi Po 
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Let R > and let f : ^ X he a function with supp/ C e M'' : |^| < i?}. Then there is a 
constant C , independent of f and R, such that 

l/llLPi(R'',t«i;Jf) ^ (^R^\\f\\L''o{K_d yj^^.x), 

where 5 = ^^lla _ d±7i > q. 

Po Pi 

We prove the following complement of Theorem 13. II In the scalar case X = C, the embeddings 
for the Besov spaces and their optimality can be deduced from Proposition 2.8]. 

Theorem 3.3. Let X he a Banach space, \ < Po < pi < oo, qo,qi G [l,cx)], sq > Si and 
WQ{x',t) — \t\'^° , wi{x' ,t) — jipi with 7o,7i > —1. Suppose that 

/o OA 71 ^ 70 , d + jn rf + 7i 

[o.o) — < — ana sq = si . 

Pi Po Po Pi 

Then one has the continuous emhedding 

(3.4) (K^ ^«o; X) ^ F;1^^ (R^ w^;X). 
Suppose in addition that qq < qi- Then 

(3.5) b;i^^x^'',wo;X)^b;ijr'',wv,x). 

Proof. Step 1. We first show (13.51) . By (|2.7p . it suffices to consider the case q := qo = qi- We write 
si +6 = so, where S = 6' + S" with - 2^ - ^ and ^" = - Let / e B^l^^ (R^ wo; X) 
and set /„ = S'„/. ^ 

Note that each /„ is a smooth bounded function on R'', and that supp/„ C {|^| < 3 • 2"~^}. 
Let be the Fourier transform with respect to t G R. It follows from Step 2 of the proof of [42l 
Theorem 4.9] that for each fixed x G R'^'^ the function ,^t{fn{x' , •)) is supported in {|A| < 3.2"-i}. 
We use Lemma [321 and Minkowski's inequality (or the triangle inequality for Bochner integrals in 
II • llLPi/po(R,t„o)) *° estimate 

II/»IIl.i(k^»i;X) = {[ ^ J W f nix', t)\nt\-'^dtdx'y^''' 



a' / I /I , \Pl/Po ,\ 1/Pl 

< C2' «( ^ ( £ WfrXx' ,t)\rW- dt) dx') 

Pol Pi \ 1/po 



<C2*'"( / ( / \\f^{x' ,t)\r dx'Y" 



As above, for fixed t G R the function ^x'ifni', t)) is supported in {|^'| < 3 . 2" ^}. Again Lemma 
3.21 gives 

/ r , ,\po/pi \ i/po X" / f I" , , \ i/po 

(/ \\fn{x' ,t)\r dx') \t[^^>dt) <C2^"(// \\fr,{x',t)\rdx'\t\'<^>dt] 

^ C2^ " ||/ri||LPo(R'',tuo;X). 

Therefore 

(3.6) WfuWhri wt-x) <C2*"||/n|| GNo, 

where C does not depend on / and n. Using si + 6 = sq, we find that 

l/llB;;,,(R<i,uii;X) = ||(2'^"||/n||LPi(R'i,«)i;X))n>o||^<, 

< C||(2''""||/„||^po(Rd „jg.x))n>o||^, = C'll/llB;o.,(R'',tuo;X). 



This proves p. 51) . 

5tep ^. Using 36, Proposition 5.1], now the embedding p.4p can be deduced from p.Sp . 
In fact, literally in the same way as in the proof of [SBJ Theorem 1.2] we obtain p.4p for all 
/ G Fp^^g^{R''-,w;X) n ^^(R'', u;; X). The general case follows from a Fatou argument, which 
we sketch here for the convenience of the reader. 
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For / e [R'^, w; X) the series /n = E^Lo /« converges to / in ^'(R''; X) as N ^ oo, and 

it holds /at e nFp"o^^(Mrf,iy;X) for each N by (ESI- Using [36, Proposition 2.4], 

we further have 

and therefore 

Now Proposition Ogives / G F^fi (K'*, w; X) and 

\\f\\F;i^^{R''.w:X) < lj™^inf ||/Af||F;;,,j(R'i,u.;X) < C'll/ll_F;o,„(K'i,u.;X)> 

which finishes the proof. □ 
Remark 3.4. 

(i) In the Besov scale Theorem 13. II has an extension to po > pi (see [351 Theorem 1.1]). 

(ii) If d = 1, then Theorems 13.11 and 13.31 coincide. 

(iii) If d > 2, then Theorem 13.31 does not have an extension to po > pi- Indeed, let / : R'' — > C 
be a function with sufficiently small Fourier support and let fr be a dilatation only in the 
x'-variable, i.e., fr{x',t) = f{rx\t) for r > 0. Then one can repeat the argument in [551 
Proposition 4.7] to see that < which implies po < pi- 

(iv) Theorem 13.31 is also a model case for spaces over a bounded smooth domain C R"* with 
weights Wj{x) — dist(a;, 9ri)'''j , see [29l ISS] . 

(v) If 7o < p — 1, then one can combine the result for the i^-spaces with the embeddings (|2.4p 
and (|2.5p to obtain Sobolev embeddings for weighted H- and W^-spaces. 

As an application we give a very short proof and a generalization in the target space of a well- 
known Hardy inequality. Early versions of Hardy's inequality can be found in |22| . [311 Proposition 
2.3] and [51j Proposition 5.7] and references therein. The inequality seems to go back to certain 
inequalities for double integrals in |7]. 

Theorem 3.5. Let X be a Banach space, p G (l,oo),, q G [l,oo] and w{x',t) — \t\'^ for 7 > — 1. 
Suppose that < s < ^^p- and v{x',t) = \t\'^^P'^. Then one has 

\\f\\Lp{R'',v-x) < CWfWpoj^d^^.x) < C\\f\\F.^ij^d.^.x), f G Fp,j(R''',w;X). 

In particular, the estimate holds with Fp ^{M.'^,w; X) replaced by Bpp{W^,w;X). If additionally 
7 < p — 1, then the estimate holds with ^{M.'^ ,w; X) replaced by IIp{R'^,w;X). 

Proof. Let wi(x',t) — |t|'''~^"'. Then by assumption j — ps > —1 and hence wi G Aoo- Since 
/ = J2n>o ^nf , the triangle inequality and Theorem 13.31 vield 



\LP(R'',dx' Itl-i-P' dt;X) <\\y, \\Snf\\x — \\f\\F°,(R'^.wi;X) < ^Wfllp^fR'^.w-X) 

V . I I , J II ^ — / LP{wi) P-^ ■ ' ''''' 



E 

n>0 

The final assertion follows from (|2.4p and wGApif— l<7<p— 1. □ 
Remark 3.6. 

(i) The same result as in Theorem 13.51 holds for the radial weights w{x) — \xY' and v{x) — 
\x\'''~'P'^ , where < s < Indeed, this is a special case of Theorem 13.11 This should be 
compared to [511 Section 11.16] and the references given therein. In particular, it is explained 
that Hardy's inequalities may be seen as Sobolev embeddings for weighted spaces. Our result 
seems to be a strengthening of this and shows the usefulness of Triebel-Lizorkin spaces for 
this matter. 

(ii) The usual formulation of Hardy's inequality in terms of increments can be derived from 
Theorem 13.51 and Proposition 16.11 below. 

(iii) Using homogenous versions of Theorems l3.1l and l3.3l one can also derive inequalities of Hardy 
type for homogenous norms. 
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4. Traces of function spaces with anisotropic power weights 

In this section we determine the trace spaces of F-, B-, H- and ly-spaces with anisotropic 
weights. 

4.1. Definition of the trace. In the important case q = oo the Schwartz functions are not dense 
in the B- and i^-spaces, and thus one cannot define the trace on these spaces as an extension of the 
trace in the classical sense. For a unified approach one has to consider a more general definition 
of a trace. As in [42] we employ a concept due to Nikol'skij [38]. Let / : R'' — > X be strongly 
measurable. Then g : IR''"^ ^> X is called the trace of / on W'~'^ x {0}, if there are / : M'^ — 5- X, 
p G [1, oo] and i5 > such that 

(i) f — f ^-G- with respect to the Lebesgue measure on Mf^; 

(ii) fi-.t) e LP(M'*-i;X) for \t\ < S; 

(iii) /(•, 0) = g a.e. with respect to the Lebesgue measure on R'^~^] 

(iv) limt^o \\I{-,t) - ghpiR'^-^-x) = 0. 

This definition is independent of /, p and S (see Remark 4.2]), and it coincides with the 
restriction of / to {{x', 0) : a;' G M"^^^} if / is continuous on M''^^ x {—S, 6). If the trace exists in 
the above sense, then we write 

tr/ 9, 

and obtain in this way a linear operator tr. 

4.2. The trace space of a Besov space. The results and proofs in this subsection are completely 
analogous to the results for unweighted vector- valued Besov spaces obtained in [42 . Since the 
weight disappears for p = oo, in the proofs below we only consider the case p < oo. 

We first generalize (42| Lemma 4.5] to the weighted setting. 

Lemma 4.1. Let X be a Banach space, p G (l,oo) and w{x',t) — jij''' with 7 > —1. Let 
f G L'''{M.'^;X) be such that supp / C {|^| < i?} for some R > 0. Then there is a constant C, 
independent of f and R, such that for all t CzM. we have 

\\f{-,t)\\LP{R''-^:X)<CR P ||/||LP(R^«);X)• 

Proof. By a scaling and a translation argument it suffices to consider the case R = 1 and t = 0. 
Let G C^{R'') be such that V' = 1 on Bi. Then for all x' G M.'^'^ we have 

f{x',0) = ^-\^f){x',0)^ £^ ^ (^Jj{x' -y',^t)\t\iyj{y',t)\t\-idt^ dy' . 
Thus Holder's inequality gives, with ^ + ^ = 1 f-i^d 7' = ^ ^jrii 

ll/(x',o)|| < / ll/(^'-y',-)llL.(K.i-r;x)li^(y',-)llLP'(E,|.|-,';x)rf2/'- 

Taking the L^-norm with respect to x' and using Minkowski's inequality, we obtain 

\\f{x',0)\\LP(M''-^-X) < \\f\\LP{R'^,w-X) / U{y\-)\\Lp'(«,\-\->';X)dy'- 

Since 7' > —1, the second factor is finite. □ 

The next result is analogous to [42l Proposition 4.4]. 
Proposition 4.2. Let X be a Banach space, p G (l,oo) and w{x',t) = jij''' with 7 > —1. Then 

the trace of f E B^\ {W^,w;X) exists, and for any (iy9„)„>o ^ $(R'') it holds 

00 

tr/ = ^^„*/(-,0), 

ra=0 

where the convergence is in L^ {W^^^ ; X) . 
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Proof. As in [42], for / e B^{R'',w;X) and ((^„)„>o G $(M'^) we let / = E^=o^«/ and verify 
that it satisfies the requirements from the above definition. Note that X^i^o \\^nf\\Lp(R'^,w;X) < oo, 

since / G B^{m.'^,w;X) 

The series converges to / in {M.'^ , w; X) , and thus f = f a.e. on R'^. By Lemma [4.11 and 
5^ C 6 R'^ : If I < 3 • 2"}, for < e R we have 

ll/(-:OllLP(R'i-i;X) < ||(ll'5'n/(-,i)||LP(E<i-i:X))n>o||^l 

< C (2 P ''\\Snf\\LP(R<'.w;X))n>o\\fi=C\\f\\ 1+7 

Spj" (R<i,i«;Jf) 

For the last condition we use Lemma 14.11 and the pointwise estimate from (42] Lemma 2.3] to 
obtain 

||^,J(^0-^n/(-,0)L.(K.-i;X) <C'2^"|t|2"||M(||5,J||niliC/.(R._„;^), 

where r £ (0,p) and M is the Hardy-Littlewood maximal operator. Choosing r such that w G ^p/r, 
and using that M is bounded on L*(R'', w) for v € Aq and g G (1, oo), we get 

\\Snf{;t) - S,J{;0)hp^^.-i.^x) < C2^"|<|2" \\S,J\\LPiR.^^.,x), n G Nq. 

Now as in [42] it can be shown that hmf^o/(-,i) = /(•■O) in L^CR"^^^; X), which finishes the 
proof. □ 

Remark 4.3. For 7 > and w{x',t) — ji]''' it follows from Theorem 13.31 that 

B';f{R'',w;X)^BljR'';X). 

Thus for these exponents the above result can also be deduced from this embedding and the 
unweighted case 7 = 0. This argument does not work for 7 G (—1,0). 

After this preparation we determine the trace space of a Besov space in the general case. We 
follow the arguments of [42l Theorem 4.9]. 

Proposition 4.4. Let X be a Banach space, d > 2, p G (l,oo), q E [l,oo], w{x' ,t) ~ \ty with 
7 > — 1 and s > Then tr as in Proposition \4-2\ is a continuous and surjective operator 



p 

tr : B; ,j(R'',w;X) BZ^i^'^-^-.X) 

There exists a continuous right-inverse ext of tv which is independent of s,p,q,j and X. 

Remark 4.5. For p = q E (l,c)o) and w E Ap the result was shown in [22, Theoreme 7.1]. Using 
an atomic approach, in [24l Theorem 3.5] the trace spaces in the case of radial power weights 
are determined, also assuming an Ap-condition. For weights w{x',t) = \tp the Fourier analytic 
arguments from [35] that are extended in the proof below do not require this assumption. 



Proof of Proposition \4.4\ Step 1. We show the continuity of tr. Let {tfn)n>o G $(R'') and 
((/>«)r,>o G $(R''-i). For / G y'{W^]X) and g E y'{W^-^;X) we write 

Snf = ifn* f, Tng = 0„ * 5, « > 0, ^-l = 0, T_i EE 0. 

Take / G ^^^^(R'', w; X), and write sq = s - ^ > 0. In [3^ it is shown that 



l|tl'/llB;o<,(R<*-i;X) - \\'^Snf{x' ,Q)\\BSf,^^^d-l.x) < C ^ 1 1 (2'"" 1 1 S'n+i. i /(x', 0) || (Rd-l -x) )i>0 | 



11 ' 



where the constant C does not depend on /. Note that supp ^{Sn+i-if) G {|f | < 2"+'}. Applying 
Lemma BTTl we get 



n=0 



£9 
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n=0 



S'iep ^. We define the right-inverse ext as in [IHl Section 2.7.2] and [l^. We take (p„)„>o £ $(11 



. 1 + 7 



such that p„(0) = 2" for all n and set for g G Bp,, " (M'^-i; X) 

OO 

ext<7(x',0 := ^2->„(0r„g(:E') in ^'(M'^;X). 

This formula does not depend on the parameters. Moreover, ext (7 is well-defined in L^iW^ , w; X) 
(and hence in the sense of distributions) since 



2 "'\\PnTng\\LP(R'i,w;X) " X/ ^ " 1 1 Pn 1 1 Lp(K, 1 1 1"- dt) II ^nff || LP (R<1- 1 ;X) 

ji=0 

<^C2-"(^+i)||5||LP(K.-i;;f) 



n=0 Ji=0 



ji>0 



<C^ll5ll .-i±^ 



1+7 
P 

w e Ap/r- Let g e Bp^q~ (R''-^; X). It follows from [H Proposition 2.4] that 



where we used 7 > —1 and s > Since w e Aao we can find r G (0,min{p, g}) such that 

„ l + T 

pd-1. 



\\Siextg\\Lp(jld^^.X) < X! ""^'(^ ^'^■'Vi+j(Tl+j5))llLP(R^to;X) 
J = -1,0,1 

< ^ 2"('+-')||p;+jl|ip(Rj.|7)||r;+j5l|Lp(Rd-.i.x)- 

i=-i,o,i 

From pfc 2''-Vi(2''"^-) wc obtain that ||pi+j ||lp(r,Mt;X) = 2''+-'"^^^^~"^^||/3i||lp(r,|.|t), which 
leads to 

||5;extg||Lp(Rd < C ^ 2^^'^+^^'^^'^ \\Ti+jg\\LP(Rd-i.x). 
i=-i,o,i 

Therefore, 

llextglls. (Rd,„.jf) < C V \\{2^^'^^'>''\\Ti+jg\\l^, , .)i>o\\e',<C\\g\\ _i+t 

j=rto,i ' Sp.<j " (K^'-^x) 

It follows that ext is continuous as asserted, independent of the parameters. 

Finally, by the choice of p„ we have troext t; = g for all g S X). By Lemma 3.8], this 

space is dense in Bp^^{R'^, w; X) if g < 00, and the identity extends to all g G i3p^^(R'^, w; X). For 
q 00 we have B^^^iR'^, w; X) ^ i?*^'^(R'*, w; X) for all e > 0, and thus ext is also a right-inverse 
in this case. □ 

Remark 4.6. Analogous to Remark 14.31 in case 7 > the continuity of the trace can also be 
obtained by a simple argument from the unweighted case and the embeddings from Theorem [ 
Indeed, for s > one has 

l|tr/|| ._i+^ <C||/|| .-a, , , <C||/|| 

Bp, 5 " (R''-i;X) 



d+J — g _ 1 _ d 
P P P 

argument for the continuity of the extension operator for 7 G (—1, 0). 



since s ^ ~ * ~ p ~ p ^^'^ ^ — "p- Similarly, with these arguments one can give a simple 
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4.3. The trace space for Triebel-Lizorkin, Bessel potential and Sobolev spaces. We now 

determine the trace space of vector- valued F-^ and VF-spaces with an anisotropic power weight. 
As known in the unweighted case, for Triebel-Lizorkin spaces the trace maps independently of the 
microscopic parameter g e [1 , oo] . 

In contrast to [421 Lemma 4.15] and [241 Theorem 3.6], our proof is purely Fourier analytic and 
does not use the atomic approach. The rather short argument is based on the above result for 
Besov spaces and the Sobolev embeddings for Triebel-Lizorkin spaces from Theorem 13.11 Again 
an ylp-condition for the weight is not required and it suffices to have w G A^o- In the unweighted 
situation a proof based on atomic decompositions was given in |42j . In the scalar and unweighted 
case other methods can be used [121 Theorem 2.7.2]. 

Theorem 4.7. Let X he a Banach space, p G (l,oo), q £ [1,cxd], w(x' ,t) = \t\'^ with 7 > —1 and 
s > ■ Then the trace tr is a continuous and surjective operator 

tr : Fl^iR'',w;X) ^ B^^^ (R'^-^; X). 

Moreover, there exists a continuous right-inverse ext which is independent of s,p, q,^ and X . 

Proof. Step 1. For the continuity of tr it suffices to consider q — 00. Let / G ^{W^. w;X), and 
set s = s — |, 7 = 7 — e and w{x', t) = where e > is sufficiently small. Since s — ^^-^ = s— 
and ^ < ^, we obtain from Theorem 13.31 that 

ll/lls|_p(R<*,«;;X) = ll/llF|_p(R<',ii;;Jf) < C!\\f\\Ff^^(R'',n];X)- 

Now by Proposition 14. 4[ 

l|tr/|| ,_i±z =||tr/|| <C\\f\\Bs j^.,^.^x) 

and the result follows if we combine both estimates. 

Step 2. For the continuity of the right-inverse it suffices to consider q — 1. Take ext as in 

„ l + T 

Proposition 1131 let g £ Bp^p " {R'^-'^;X), and set s = s + |, 7 = 7 + e and w{x',t) = \tp . Then 
we infer from Proposition 14.41 

h^^9\\B:;jR''.w;X) <C\\g\\ ^C\\g\\ 

-Bp.p " (R<'-i;X) i3p,p " (Rd-i^X) 

Since s - = s - and ^ < ^ , Theorem [331 implies 
p p p p 

l|ext5||Fp=_j(Kd,tu;X) < C* l|ext5||j?s^(Rd^^.x) ^ C \\ext g\\Bi^(Rd^^.x) 

and the continuity follows again from the combination of these estimates. The fact that troext g = 

g for all g G Bp^p " (R'*"^;X) is clear from Proposition 14.41 □ 

As a consequence of the above result we can determine the trace spaces of the H- and M^-spaces 
under the assumption that w £ Ap. 

Corollary 4.8. Let X be a Banach space, p 6 (l,oo), w{x',t) — [tp with 7 G (— 1,^ — 1) and 

s > Then the trace tr is a continuous and surjective operator 

tr : H"'P(M'', w; X) Bp"^ (R'^^^ X). 
// m G N, then tr is a continuous and surjective operator 

tr : iy"'f(R'*,w;X) ^ Bp'p^{R'^-^;X). 
In both cases there is a continuous right-inverse ext which is independent of s,m,p,j and X. 
Proof. This is a consequence of Theorem 14.71 and the embeddings (|2.4I) and (|2.5p . □ 
Proof of Theorem \l.l\ This follows from Proposition 14.41 Theorem 14.71 and Corollary 14.81 □ 
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5. Fourier multipliers 

In this section we derive an operator-valued Fourier multiplier theorem for weighted Besov and 
Triebel-Lizorkin spaces. 

For a compact set K C R'', let L^^ (R'', w; X) = {/ £ LP{W^,w;X) : supp/ C K]. 

Lemma 5.1. Let X,Y he Banach spaces, let p £ (l,oo), q G [l,c)o] and w € A^. Let r £ 
(0, min{p, q}) be such that w G Ap^^- Let Kq, Ki, ... C R" be compact sets with 9^ = diamii'n > 
for all n. Then there is a constant C such that for all {Mn)n>o ^ J^L^{M.'^;^{X,Y)) and all 
(/«)n>o C LP{R'^,w-£''{X)) with /„ G L^^JR'', w; X) for n G nit holds 

\\{^^^ {Mn,^ fn))n>o\\LP{Rd^w;ii{Y)) 

< C sup 11(1 + I • |''/")^"'(Mfe(0fe-))llLi(R'i;^(X,F))ll(/n)«>o||LP(R^^:^.(X))- 
fe>0 

Proof. In the proof of [10, Proposition 2.2] and [121 Theorem 1.6.3] it is shown that for x G M'' 
and n G No one has 

(5.1) \\^-\M^^fn){x)\\Y < Cf:{x)\\{l + I • |'^/'-)^-^(M„(0„.))IUi(E-^(x,y)), 

where f^ix) — sup^^Rd is of Peetre type. Moreover, it is shown in the proof of [lOl 

Lemma 2.1] and [Mi Theorem 1.6.2] that /*(a;) < C {M\\fn\\''x{x)f/'' for all x and r > 0, where 
M is as before the Hardy-Littlewood maximal operator. Now from [36, Proposition 2.2] we obtain 
that 

\\{M\\fn\Yx)-n,>a\\LP/^-(WL'i,w;li) ^ C 1 1 (/n )n>0 || Lp(R'' ,i«;£<! (X)) • 

The result follows from taking LP{W^,wJ.'i) -norms in (jS.ip . □ 

For m G L°°(R'^; ^(X, F)), let the operator : y{W^;X) .y'{W^;X) be given by r„J = 
^~^{mf). The following result gives a sufficient condition on m for the extension of T,„ to 
weighted Besov and Triebel-Lizorkin spaces. 

Proposition 5.2. Let X,Y be Banach spaces, p G {l,oo), q G [1,cxd], w G Aqo and s G R. Let 
r G (0,min{p, 9}) be such that w G Ap/^.. Let A G {F,B}. Assume m G C°°(M'^; ^(X, y)) is such 
that D"m grows at most polynomially at infinity for all a G Ng and satisfies 

(5.2) sup sup 11(1 + |e|)l"li?"m(Olb(x,y) ^ < ^■ 

\a\<d+\d/r']+l feK'i 

Then T„ — ^^^m^ extends to a continous operator from Ap ^(R'^, w; X) to Ap g(R'^, w; Y). The 
operator norm of T^ is hounded by CK^, where C does not depend on m. 

Remark 5.3. 

(i) In the scalar case Fourier multiplier results of the above type can be found in [491 . 

(ii) An extensive treatment of operator- valued Fourier multipliers on Besov spaces can be found 

in n [211 US] . 

(iii) The condition on m guarantees that mf and hence T"™/ is a well-defined element of o5^'(R'*; X) 
for all / G o5^'(R'*; X), see [43, Section 3]. In the sequel we only consider symbols which satisfy 
these requirements. One can see that it suffices to have that m G C"^+'^'^/''l+^(R'^; ^(X, y)) 
and that the above Mihlin condition holds true. 

(iv) Results on operator- valued Fourier multipliers in Triebel-Lizorkin space can be found in [lUj. 
Note that in the unweighted situation in [TUl Proposition 3.6] the important case q — 00 was 
excluded, due to the fact that S''{M.'^;X) is not dense in the corresponding function space. 

Proof of Provosition \5.SX Let us consider the case of F-spaces. Let ((/3„)„>o G $(R'') and ip^i = 0. 
Since / = E," Snf, for / G F^^^ (R^ w-X)we have 

\\^'^m.^f\\F^JR^,^.,Y) < ll([^"V""l^]2*"^-Vn+i^/)«>0|Up(M^,™;^.(r)). 
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For fixed I, let ^"Vn+i^^- Then supp/„ C {|C| < 2"+i}. Since ^fc(2'=+i-) = ^i(4-), in order to 
apply Lemma [5. II we have to show that 

(5.3) sup 11(1 + I • |''/'-)J^-i(^i(4-)m(2'=+i.))||Li(M^;^(x,y)) < oo. 

fc>0 

Let j be the smallest even number which satisfies j > d + f. Using that : — )■ L°° is 

bounded, we get 

(5.4) 11(1 + I . P)^^i(^i(4.)m(2'=+i •))llL~(R-:^(X;y)) 

< ||(l + (-A)^"/2)[^^(4.)^(2'c+i.)]||^^^^,^^^^^^^^. 

By the Leibniz rule, in the above norm the derivatives consists of a finite linear combination of 
terms of the form 

:= i?"^i(4.)2l'5|(^-+i)(i?'^m)(2''^+i.), 
where a, /3 are multiindices with \a\ + |/3| < j. Since i^i(4-) is supported in the unit ball, it follows 
from ()5.2p that each ga^/s is bounded independently of k. Hence the right-hand side of (|5.4p is 
bounded by cKm- Hence 

11(1 + I • |''/'-)^-^(^i(4-)m(2'=+i.))IlLMR'';^(x.n) < ^^^11(1 + I ' r''+^)IlL^(K'*) = CK^^ 
and (|5.3p follows. 

The case of a i?-space can be treated in the same way, using Lemma [5. II on each {|^| < 2'''+^} 
separately. □ 

We record an important consequence of the multiplier result. For a definition and properties of 
the iJ°°-calculus of sectorial operators we refer to [SlT. Sectoriality is defined in Section [2?2] 

Corollary 5.4. Let X be a Banach space, p £ (l,oo), q € [l,oo], w € Aqo and s G M. Let 
A G {F,B}. Then the following assertions hold. 

(1) The realization of dt with domain Ap'\^(M.,w;X) on A^ ^{^^w] X) is sectorial with spectral 
angle equal to ^ and has a bounded 1-1°° -calculus on each sector T,g with 9 > ^. 

(2) The realization of —A with domain ^^"^^(R, w; X) on Ap g(M.,w; X) is sectorial with spectral 
angle equal to zero and has a bounded 1^.°° -calculus on each sector with 9 > 0. 

Proof. As in [301 Example 10.2] one can define the holomorphic functional calculus via Fourier 
transform and show its boundedness by using Proposition l5.2l Note that any symbol m arising in 
this context is smooth and satisfies sup^g^d |(1 + |CI)'"'^"w(^)| < oo for any multiindex a. 

For — A the explicit description of the domain is a direct consequence of the lifting property of 
the weighted F- and B-spaces (see [36l Proposition 3.9]). For dt one uses the lifting property and 
Proposition 15.21 □ 

6. Characterization by differences 
For a weight w and an integer m > 1 define 

For / G LP(M'', w; X), let further 

Lp(R<',id)' 



^iS'...-....v, = |l(./„ «-'(«-- l^^jiAr/ii.v.i'.) j) 



with obvious modifications if g = oo, and 

\lf\lFf\{Rd^w-X) •= \\f\\LP{R-i,w;X) + [/]^_^^(Kd_t„;X)- 



We also write |||/|||_f^» ^(r<i,u,;X) for |||/|||^"'' ^.^^-^ if there is no danger of confusion. Note that if 
q = 1, then Fubini's theorem yields 



LP(R'^,w) 
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One can extend a well-known result on the equivalence of norms to the weighted case (cf. [441 
Proposition 6], ,49, Section 2.5.10] and [SI Theorem 6.9]). 

Proposition 6.1. Let X be a Banach space, s > 0, p G (1, oo), q G [1, oo] and w € Ap. Let m > 1 

be an integer such that m > s. Then there is a constant C > such that for all f G LP{]&'^, w; X) 

(6-1) C ^\\f\\F^^^{R'',w;X) < lll/lllF^'|^(Rd,to;X) ^ ^II/IIFj;_,(K<*,-!d;X)i 

whenever one of these expressions is finite. 

To state a similar result for Besov spaces, for / G LP{M.'^, w; X) let 

1 dt\i/9 



LP{R'',w) t 



again with obvious modifications if g = oo, and 

i/iB = _^,(R'',u;;X) '= W f Wlp (R'^ .w;X) + [/] ^_^_^(Rd " 

Then the following holds true. 

Proposition 6.2. Let X be a Banach space, s > 0, p £ (l,oo), q G [l,c)o] and w G Ap. Let 
TO G N &e such that m > s. There is a constant C > such that for all f G LP{M.'^, w; X) 

(6-2) C-^\\f\\B^_^{R-i.w;X) < \lftB; JR<i,ni;X) ^ ^'\\f\\B^^^^(R'i,w;X), 

whenever one of these expressions is finite. 

Remark 6.3. Define the L^ {W^ ,w, X)- modulus of smoothness as 

:= sup llAr/llLp(M^»;X), t > 0. 

\h\<t 



- 11/11 r. ff.^.^V^" 



In the unweighted case w = 1, the norm 

defines an equivalent norm on B^ ^^(M'', w; X) if to > s (modification if g = oo). We do not know 
if this extends to the weighted setting. However, by Minkowski's inequality one has 

t-'' I 11A'»/Ilx dh < t-^' I m'f\\LH^^,^,x) dh<C sup II A;'7llL.(R^-;X)■ 

J\h\<t LP(R'i,w) Ji^^t \h\<t 

Therefore, one always has that \lffB;^{R'',w-x} ^ '^ll/lli3^^,(R^™;X)- 

7. Mixed derivative embeddings 

7.1. The general case. For fractional powers of sectorial operators we refer to Section [221 

Theorem 7.1. Let X be a Banach space, p G (l,oo), q G [l,oo], w G A^o, s G R and a > 0. 
Let A be a sectorial operator on X with spectral angle <j)A < tt, and let A G {F, B}. Then for all 
G [0, 1] one has 

^;+"(R^ w; X) n Al^{M.\ w- D{A)) ^ ^;+/"(K^ w; D{A'-')). 

Remark 7.2. 

(i) In the literature embeddings as in the above theorem are often proved using the so-called 
mixed derivative theorem due to [48]. We give a direct proof using Proposition [O] Embed- 
dings of this type are widely used in the context of parabolic evolution equations, in particular 
when inhomogeneous boundary conditions are considered, see e.g. [151 [TBI [T?[ 1^ [55] . 

(ii) For d = 1, corresponding results for intersection spaces on the half- line with H- and W- 
regularity are proved in [16] in the unweighted case, and in [34 1 for power weights w(t) — jt]''' 
with 7 G [0,p - 1). 
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Proof of Theorem \7. 1\ Without loss of generality we may assume that A is invertible. 

For all a > the realization of (1 — A)"/^ on Apq{R'^,w;X) is sectorial with spectral angle 
equal to zero by Corollary 15.41 As in the proof of Corollary 15.41 it is a consequence of the lifting 
property of the underlying spaces that the domain of this operator equals Ap'^g°'{R'^,w; X). It is 
further straightforward to see that the (pointwise) realization of A with domain Ap ^(IR'*, w: D{A)) 
on Ap q{R''',w;X) is sectorial with spectral angle at most 0^. 

Step 1. We show that (1 — A)"/^ + A is an isomorphic mapping 

^;+"(R^ w- X) n Al^iM.", w- D{A)) -> ^^,,(R^ w; X). 

The boundedness of (1 — A)"/^ + A is clear. For the boundedness of its inyerse, let / G 
Ap w]X) and consider the equation 

(7.1) ((1 - A)"/2 + = / in S^'{W^-X) 

One can check that for all /3 G Nq the symbol m(0 = A{{\ + I^H"/^ + A)-^ satisfies 

sup 11(1 + |^|)l''li?^m(0||^(x) < < oo. 

Hence the unique solutions e .9" {W^; D{A)) of is giyen by w = ^"^((1 + | • H^/^ 
From Proposition 15 . 21 we obtain that 

Since A is invertible, we conclude {w^.w;D{A)) ^ ^WIWa' {k.'^,w;X)- Moreover, using this 

estimate and (|7.ip . it follows that 

Hence also ||u||^3+Q(jjd ^.x) ^ {R''.w;X)- This completes the proof of the claim. 

Step 2. By the invertibility of the operator, 

u^\m-Ar/'+A)u\u.^^^^.^^,x) 

defines an equivalent norm on ^;+"(R'*, w; X) D ^;.,(M'*, w; D{A)). Further, for all 6 (0, 1) we 
have that 

«^|l(l-Ar/2Al-%|U.^^(Rd,„^;,) 

defines an equivalent norm on Ap+l'^iR'^ ,w; DiA^-")). To show the asserted embedding it thus 
suffices to prove that 

(l_A)e«/2^i-e^(l_A)"/2 + A)"' 

is bounded on Ap q{M.'^ , w; X) . As above we can rewrite this operator into the form ^^^m^, 
where now the symbol m is given by 

mio - (1 + icpr/'^'-'((i + ici')"/' + Ay\ 

By [351 Proposition 2.2.15], for all A > 1 and x E X we obtain 

\\A'-<^{X + A)-'x\\x <C\\i\ + A)-'x\\]^'-^'^.^\\iX + A)-'x\\i < CA-^|lxI|x. 
Using this, one can verify the conditions of Proposition 15. 21 for the symbol m. □ 
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7.2. Refined embeddings. In the case where X and D{A) are i^-spaces we can improve the 
above embeddings within the inner regularity scale. The next result includes in particular Theorem 
11 



Theorem 7.3. Let X he a Banach space, d,m £ N, p,PoiPiiP2 G (IjOo), q G [l,oo], Si,S2 G K. 
«!, a2 > and 9 £ (0, 1) with 

1 e 1-6 



P2 Po 



Pi 



Let w € Aao on M/^ and wo,wi,W2 G A,^ on M'" with W2 — Wq ^wf, and let A G {F,B}. Let the 
spaces X, Y and F be given by 

X = A;]+'-^ (M^ w; F;i^{r ,wo;X)), Y = A^]^ {R'',w; F;^+^^ (R" , ; X)) . 

¥^Al]g{m.'^,w;F^l^{R"\w2;X)), with n = si + 9ai and r2 ^ S2 + (l - 9)a2. 
Then X n Y ^ F, and there is a constant C such that for aZ/ / G X n Y 

||/||F<C||/||i||/||l-''. 

In particular, note that one can take po — Pi — P2 and wq — wi = W2 in the above result. 
Proof. We write xi e M.'^, X2 G M™ and f{xi,X2)- We have 



£1 



LP( 



The Gagliardo-Nirenberg type inequality for _F-spaces from [361 Proposition 5.1] implies that 



|jS'„/(a;i, ■)\\pS2+{i-e)a 



<C\\Snf{xu- 



Therefore, using Holder's inequality in l"^ and in L'p{W^ , w), we get 



\\Snf{x,,-)\t 



2 + "2 / 



,wi-X) 



II/IIf<c 



< c 



(2"(^^+"^)||5„/||^; 

(2"^H|5„/IU=2 



(R™,-!i)o;X) 



,«)o;X) 



(2'-MI^«/IU==- 



,Wi:X) 



r] 






n>0 



LP(R'',iu;£9) 



n>0 



1-1 



,Wi:X) 



LP(R'^,w;ei) 



= C'\\f\\ 



This shows the asserted inequality. The embedding follows from Young's inequality. The the case 
of ^ S is treated in the same way. □ 

Remark 7.4. 

(i) The above result improves Theorem 17.11 not only with respect to the microscopic parameter 
in the inner scale. It also gives a multiplicative estimate with powers corresponding to 9 
instead of an additive estimate, to which Young's inequality "with e" can applied. 

(ii) For w E Ap one can use the elementary embeddings (|2.4p and (|2.5p between H-, W- and 
-F-spaces to obtain a variety of embeddings as above with possibly different regularities for 
the inner spaces. For instance, it follows that for all p,q € (1, oo) and s G M 

(E; L1{R''; X)) n B^,p(M; B^^iR'': X)) ^ (M; H^^-''^^-^{R'': X)) 

for an arbitrary Banach space X . 

(iii) Combining the theorem with real interpolation techniques as in [l6l [28l [34] yields mixed de- 
rivative embeddings with differing spaces also for the outer regularities. Taking into account 
embeddings based on type and cotype of the underlying spaces as in [M^ Proposition 3.1] 
gives even more flexibility. 
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7.3. A counterexample. It is natural to ask for improvements of Theorem 17.31 with respect to 
the microscopic parameter in the outer scale. The next result implies that this is not possible. 

Proposition 7.5. Let si, S2 G K, ai, a2 > 0, p,pa G (1, oo), 1 < r < q < oo and 9 £ [0, 1]. Then 

Remark 7.6. Note that, as a consequence of Proposition [73] and the monotonic properties (j2.6p of 
the function spaces, the inclusion of intersection spaces where the Besov space in the inner scale 
is replaced by any F-, B- or H -space with the same smoothness and integrability exponent does 
not hold as well. 

Proof. In order to obtain a contradiction, assume that the inclusion holds, which is then a con- 
tinuous embedding by a closed graph argument. 

Let R = 2"i/"2. Recah from 49, Remark 2.3.1/3] that for < e M and z e [1, oo], the norm of 
Bp^ ^(E) is equivalent to 

/ ^ * f)n>o\\iHLPO), 

where {ipn)n>o is a decomposition of the identity with the 2"-factor replaced by i?" (see the 
definition of <i>(M)). Let further (((9„)„>o e <i>(M). 

We may assume that there is (5 > such that ^„ = 1 and (pj = for j ^ n on [2" — (5, 2" + S\ , 
and "tpn = ^ and -tjjj = for j ^ n on [i?" — 5, i?" + 5], for all n > 1. Fix a sequence of real numbers 
{o,n)n>i of which only finitely many are nonzero. Let u : M ^ (M) be defined by 

n>l n>l 

Let Y = S*„ ^.(M) and s e R. Then one has 

\H\F-jm;Y) = W^^^u * ipj)j>o\\LP(m;e<i(Y))- 
Moreover, for each j > and a: G M, 

\\u*(pj{x)\\Y ^ * [u* ipj{x))n>o\\e^(LPo(m)) = -R-'*|ajllC(a;)IIICIlLPo(R). 

It follows that 

II'«I|Fj;,(B;B*^_^(k)) = l|w||F-,(K;y) ^ (^p^poIK^^^^^'^Oj^iIU". 

where Cp^p^ = ||CI|lp(r) IICIlLr'o(R) and A ^ B means there is a constant c > independent of 
{aj)j>i such that c~^B < A < cB. Therefore, 

^ ll(2^'(^^+'"^)i?^"(^=+(^-')"^)a,),>i||.^ = ||(2^-^^2^^"^^2^"^a,),>i||,. 

ll"ll^^-+-(K;B-,,(«)) ^ m'^''+'''^R'''a,),>^\U, = ||(2^"^^2^^'^^2^"^a,),>ill^^, 

ll"lli=^;,VK;B-r^(K)) ^ ll(2''^^^''^^^+"^^«.).>ilk^ = ||(2-'-^^2^^-^^2^"^a,),>i||... 

All the sequences in the above norms coincide. Hence the continuity of the embedding yields 
^ which is false. □ 

Remark 7.7. Let r e [l,<z). As a consequence, in general it holds that 

F;+"(R; X) n F;JR; D{A)) ^ f;+''"(R; d{a^-')) 

for a sectorial operator A (choose e.g. A — —A on 1?{R) — 2(-'^))- 
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8. Traces of weighted anisotropic spaces of intersection type 

Let A be a sectorial operator on a Banach space X and w{t) — \t\'^ with 7e(— — 1). In 
this section we determine the image of the trace trgu = u\t=o for the spaces 

F;+"(K^i(;;X)nFp%(M^ii;;i?(v4")), ^ < < s + a, 

and of similar spaces with F replaced hy H ov W . In particular, we will prove Theorem 11.41 
We start with the continuity of the trace. Note that here we can cover the general case 7 > — 1. 

Recall the following classical Hardy- Young inequality (see [23l p. 245-246]): for all measurable 
functions / : IR+ IR+, a > and p G [1, 00) it holds that 



00 



(8.1) / C7-"'P-U I fit) dtf dc7 <a-P I aP~°'P^^fia)Pda. 



For a short proof, set u{a) = Jq f{t)dt and note that a " pu{a) — Jq (J^ " pu'{a0)d0. Taking 
L^'-norms and applying Minkowksi's inequality then gives (j8.ip . 



Lemma 8.1. Let X be a Banach space, p £ (l,oo), and wit) — \t\'^ with 7 > —1. Suppose 
that s G K and a > satisfy s < -^p- < s + a, and let A be a sectorial operator on X with 

(j)A < min{-|, ^}. Let r > and 9 — r + s + a— ^^f^- Then the trace operator tvQU — u\t=o maps 
continuously 

F;+'^(R,w;D{A'^))nF;jR,w;DiA^+'^)) ^ D^(0,p), q G [1,H- 

Proof. Without loss of generality we may assume that A is invertible. By the isomorphic properties 
of A^ (see Section . we may further assume that r = 0. In the first steps we consider q — 1. 
The extension to g G (1, 00] will be considered at the end of the proof. 
Step 1. First assume that 

1+7 

< s < < s + a < 1. 

P 

Then an equivalent norm on Da{0,p) is given by (12.81) . The idea of the following argument goes 
back to [T71 Lemma 11] and |341 Lemma 4.1]. As in the proof of [36l Lemma 3.8] it can be seen 
that =5^(R; -D(A")) is a dense subset of f;+"(K, X) n F^^iR, w; -D(A")). For u G ^{R; D{A°')) 

the trace trou is given in a classical sense. Writing u{t) — u{t) — u' (r) dr, it is straightforward 
to check that for all cr > we have 

/■* 

-1 / „,,',^J^ / +-2 



troM = <T / u{t) dr ~ It / u{t) ~ u{t) dr dt. 
Jo Jo Jo 

This representation and (|2.8p can be used to obtain 

l|trouljD^(e,p) < C(Ti +T2), 



where 



TP = 



poo 

/ aP^'-' 


)-i 


Jo 




1*00 

/ aP^^-' 




JO 





(j-^ / Ae-''^u{T)dT 
Jo 

t 

-2 / A -a A 



da, 



t-^ Ae-^^iuit) -u{T))dTdt 







da. 



Note that — 1 < 7 < p — 1 by the above assumption. We use \\A^ "e '^'^|l^(x) < Ccr and 
Holder's inequality to obtain 

Tf < ""'^"'^{j^ \\Ae-^^<T)\\ dry da 

- r ( £ \H^)\\d(A^} dr) ' da 

< a-'P-'-^'-^^PU r-^dr) (/ r''\\uir)\\P^^^^^dr) da 
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In the last line we used < s < and Hardy's inequality (Theorem I3.5p . 

To estimate T2, set f{t) = t^^ /J \\u{t) - u(r)|| dr. We use WAe'^'^W^^x) < Cct"\ (EH) and 
the equivalent norm from Proposition 16. II for the i^-spaces to obtain 

da 



p 

da 



<C aP~^P'^f{a)Pda 
Jq 

= C r a-P-'P-\r \\u{a)^u{T)\\dr) 



C j a-f-^f-i( r \\u{a)^u{h + a)\\dhY da 



<C I a-f-^P-V(^+"+i)p( \h\-'~'''^\\u{a)~u{h + a)\\dhy da 

CI a^i^j \h\-''-°'-^\\u{a)~u{h + a)\\dhy da 
1(1) 



Therefore, we find 

||trou||u^(e,)9) < C{\\u\\f^^(m,w;D(A'')) + ll"lli=^;+"(R,u,;X)) 

for all u G ,5^{M.\ -D(A")), and the assertion follows from density. 

Step 2. Assume — 1 < 7 < p — 1 and < s < —j^ < s + a. If s + a < 1, then we are in the 
previous situation. Let s+a > 1. Since ^-j^ < 1, we can find a G (0, 1) such that < s+aa < 1. 
Set a = aa and f = (1 — a)a. By assumption on 4>a^ the operator A"' is still sectorial. We may 
thus apply Theorem 17. II to obtain 

F;+"{R,w;X)nF;^,{R,w;D{A^))^F;+''{R,w;D{A')))nF;,,^^^ 

Now it suffices to note that 6 = f + s + a— and to apply Step 1. 

Step 3. Assume -1 < 7 < p - 1 and s < < < s + a. Then we find a G (0, 1) such that 
< s + aa < ^^f^- Setting s = s + aa and a = (I — a)a, as above Theorem 17.11 implies 

f;+"(r, w; X) n f;,i(m, w- d{A^)) ^ f;+"(m, w, x) n fI,{r, w, d{a^)). 

Since < s < < s + a and = s + a — ^i^, we can apply Step 2. 

Step 4- Assume 7 > p — 1, and that s < < s + a are arbitrary. Let s — s — ^. Then 
Theorem 13.31 gives 

F;+"(R, X) n ^;^,i(R, w; D{A^)) ^ ^;+"(R; X) n F^^iR; D{A^)). 

Since s < < s + a and 9 — s + a — the result follows from the Steps 2 and 3. 
Step 5. Finally we consider q > 1. For small e > we set 

s = s--, 7 = 7- e, w(t) = \t\'^. 
P 

Since 21 > 2 and s + a — = s + a — , Theorem 13.31 implies 

F;+''{R,w;X) ^ F;+"(R>;X), Fl^{R,w;D{A^)) ^ FI,{R,w; D{A")). 
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Now the continuity of tro follows from the previous steps. □ 

To obtain a continuous right-inverse for tro we need some preparation. For k G No, p G (1, c») 
and w e Ap we set 

W'''P{R'l,w;X) := {/ 6 LP{WI,w;X) : D"/ e LP{R'1,w;X) for every multiindex |a| < k}. 

Let m € N. A pointwise a.e. in M^J. defined linear map E is called an m- extension operator on 
M.'^, if for every Banach space X, p G (1, oo), every w € Ap and every < k < m, E is bounded 
from W^'P{R'l,w;X) into W''-p{R'^,w;X), and for aU / 6 W'''P{R'1,w; X) one has (-E/)!^^ = /. 

Further, E is called a total extension operator on M'J^ if it is an m-extension operator on for 
every m G N. 

The following extensions of [21 Theorems 5.19 and 5.21] are straight forward. 
Lemma 8.2. 

(1) For each m G No there exists an m-extension operator E on R"^. Moreover, for every 
\a\ < m, there exists an m — \(x\- extension operator Ea such that for every Banach space 
X,pe (1, oo), every w E Ap and f € w; X) it holds 

D'^Ef = EaD'^f. 

(2) There exists a total extension operator E from W\_ to such that for every Banach space 
X , p G (1, oo), /c G No and w{x' , t) = \t\^ with 7 G (— Fp — 1) we have 

£ G ^{W^^P{m.%,w\X),W'''P{W^,w\X)). 

Proof. Let D = {f\^d : f G C^{W^;X)}. We claim that for any Ap-weight w and A: G No, 
the space D is dense in W''^p(WI,w;X). To see this, let / G iy'='P(R$, w; X) and extend it by 
zero to W^. Let cj) G C^iW^^X) be such that (j){x' ,t) = for t > 0, </> > and / (jidx = 1. Let 
<j>n{x) = n'^4>{nx) and /„ = 4>n * f- For each |a| < k, let ga = D'^f and extend it by zero to R''. 
One has D^fn — <l>n * <7q on Now it follows from [SSI Theorem 2.1.4] that lim„_j.oo fn = / in 
W'''P(M.'l,w; X). Moreover, each /„ belongs to G C°°(R'^;X). In order to find an approximation 
with elements in D is remains to multiply each /„ by a smooth cut-off function <^„ G C^(R'^) 
which satisfies Cn = 1 on B(0, i?„) for i?„ large enough. 

Given m G No, the extension operators E and Ea from the proof of [2 Theorem 5.19] are 
bounded from D to W'^'PiM.'^jW; X) for every k < m and k < m — \a\, respectively. The total 
extension operator £ from the proof of [21 Theorem 5.21] is bounded from D to T4^'"'P(R'*, w; X) 
for every m G No. Now the assertions follow from the density oi D. □ 

The following lemma is the main tool for the right-inverse of tro. 

Lemma 8.3. Let A be a sectorial operator on X with 4>a < f • Let p G (l,oo), vj{t) = \t\'^ with 
— 1 < 7 < p — 1 and /3 > ■ Let E he either a total extension operator or an m-extension 
operator with m > /3 + 1 from Lemma \8.3\ for R+. Then E'e" *-^"''"^^ maps continuously 

DA[f3-^,p) ^F^P{R,w;D{A(^~''>P)), gG[l,^], 0g[O,1]. 

If A is exponentially stable, then one can replace 1 -I- by ^ in the above lemma. 

Proof. Replacing ^ by 1 -I- A if necessary, we may assume A is exponentially stable. To prove the 
result it is sufficient to consider q = 1. Throughout, let 6 G [0, 1]. 

Step 1. Assume there is fc G N such that fc — 1 H — <^ 0(3 < k. Using (|2.8p . we estimate 

\\Ee '^a;||i^fc,p(-][j_j.j-,+p(fc-fl/3).£,(^(i-e)fi')-) < C||e '^a;||^yfc,p(-^^ |.|^+p(fc-£)/3).^(^(i-£));i-)j 

< C\\Ae '^a;||ip(R^j.|^+p(fc-8/3).£)(^fc-i+(i-e)3)) 
< /^IMfe-i+(i-e)/3^|| 

-'-'11^ ^lb^(6l/3-fc+l-i±i,p) 
= C\\x\\DA(p-^fL^p)- 
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Since 7 + p{k — 9/3) < p — 1, (|2.5p and Theorem 13.31 imply that 

^fc,P(Rj . |7+p(fc-e/3).£,(^(i-e),3)) -^Fp^,^(R, I • |T+p(fe-e/3). £,(^(i-0)/3)) 

which shows the asserted mapping property. 

Step 2. Assume < 9/3 < As before it follows from ([^^ and 7 < p - 1 that 

\\Ee~'^x\\po^^jj^^^.]:HAi^y) < C\\Ee^'^x\\Lp^T^^^.D{At^)) < C'l|a;||£,^(^_ i±i p)- 

Choose e > such that + e < mm{/3, 1}. Using Step 1, it follows that Ee~'^ maps Da{/3 
i±^,p) into 



(8.2) Fp,go ^'(M, n F^^^{R, w; D{AP)). 

Since + £ < 1, the operator A^"'"^ is sectorial. Thus Theorem 17.11 applies and (|8.2p embeds 
into 

We improve this mapping property of Ee"'^ as follows. For small e > we set /3 = /3 + e/p, 
e = and 7 = 7 + e, such that 9P < ^ and let w{x) = Ixl^". Then by the above 

considerations and Theorem 13. 3[ the operator Ee~'^ maps Da{I3 — ^^f^,p) = Da{/3 — ^-^,p) into 

Step 3. It remains to consider the case k < 9/3 < k + for fc e N. In this step we first 
assume that there is fco G N such that ka + < /3 < kg. Then there are ^i, 6*2 G (0, 1) such that 
9i < 9 < 92 a.nd k - 1 + ^ < 9i/3 < k and k + < 62/3 < k + I. By Step 1, the operator 
Ee~'^ maps Da{/3 - ^^,p) into 

(8.3) F^f{R,w;D{A^^-^'^'^))nF^f{R,w;D{A^-^-^'^^)). 

Since (1 — 9i)/3 — (1 — ^^2)/? = (^2 — ^i)/? G (0,2), Theorem 17.11 applies to the sectorial operator 
Aif>2-di)P on D{A^^-'>^'>I^), and thus dlS]) embeds into F^^j^{R,w;D{A^^~'''>^)). 

Step 4- Let again k < 9/3 < k + for some fc S N, and now assume that there is fco G N such 
that ko < /3 < ko + Take /3 G (0, 1) such that ko + ^ < /3 + /3 < ko + I. Let r e [0, 1]. 
Applying the previous steps with /3 replaced by /3 + /3, for any r e [0, 1] and y £ Da{/3 + /3 — ^-^,p) 
we get that 

Choosing r — leads to 

\\Ee ^y||;-«_'3^(R^^.£,(^(i-£))/3+/3)) < C'll2/||£)^(/3+/3_l±l,p)■ 
For X G Da{I3 ~ ^-^,p) we may now set y = A^'^x to obtain 



\Ee ^x\\Fl'^^{WL,w-D{A'.^-0)f)) - ^ll^llD^(/3-i±i,p)■ 



□ 



This result can be applied to the intersection spaces under consideration as follows. 

Lemma 8.4. Let A be a sectorial operator on a Banach space X with (/>a < \ and r > 0. Let 

p G (1, 00), w{t) — \t\'^ with 7 G (— l,p — 1), s G M and a > be such that s < ^^p- < s + a. 

(1) There is an m- extension operator E withm > |s|+a+l such that Ee^'^^'^^'' maps continuously 
+ s + ^F;+'^"(E,u;;i?(A''+(i-«)")), <zG[1,oo], 0g[O,1]. 
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(2) Lets be the total extension operator from Lemma \8.2\ and assume additionally that s > ^^p-- 
Then Ee^''^^^^'^ maps continuously 



Proof. We may assume that A is exponentially stable. To prove the result it sufHcient to consider 
q = 1. Moreover, it is enough to consider r = 0. 

Step 1. Let E be any of the extension operators as above. If s > 0, then Lemma [8.31 with 
/3 = s + a and 6' = yields both assertions. Next assume — 1 < s < 0, such that 

— 1 < 7 — < p — 1. First, Lemma [8.31 shows the assertion for 9 G [— s/a, 1]. Observe that here 
any s < is allowed. In particular, for all s < one has that 



Ee-^ 



For the remaining values of 61, let v{t) = '^mce Da{s + a- ^,p\ = D^fa- i±^=^,p 



it follows from Lemma 18.31 with (3 ~ a, weight v and = that 

Ee-^ -.DA^s + a- ^ ^^"^(R,^; DiA")), 

is bounded. From Theorem 13.31 one sees that 

F^JR, v; D{A^)) ^ F^JR, w; D{A^)). 

This shows the assertion for 9 = 0. For 9 G (0, —s/a) we may apply Theorem 17. II to the sectorial 
operator A~^ to obtain 

Now (1) and (2) follow in case s > - 1. 

Step 2. Assume that s < — 1. The case 9 G [—s/a, 1] was treated before. Let 9 G [0, —s/a). 
Since s + 9a < we can find fc G No such that -1 < s + k + 9a < i±^. Note that 
(1 — 9)a — k = s + a — {s + k) — 9a > 0. By Lemma 18.21 there is an (m + fc)-extension operator 
Em and an m-extension operator E such that d^Emf = Ed^f. Using Proposition 3.10], we 
obtain 

\\Ee '^a:^|lFp=+''°(R,u.;D(A(i-«)-)) = W^'^t^ '^^II_f;+''°(r,«,;_d(a(i-«)"-'')) 



< CWEme-Mp 



+ k + 0a 



.£)(^(l-e)a-fc))- 



Now Step 1 applies to Em, s = s + 9a + k — e, a = (1 — 9)a — k + e and parameter cr = 4 for 
some small e > 0, which yields 

□ 



Proof of Theorem \1.4\ First consider the case of F-spaces. The continuity of the trace follows 
from Lemma 18.11 The operator constructed in Lemma 18.41 gives the required right-inverse. The 
case of i3-spaces is included in the previous argument since B^^ = F^^. Moreover, the assertions 
for iJ-and W-spaces follow from (|2.4p . □ 
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9. The L^-L'^ two phase Stefan problem with Gibbs-Thomson correction 

As an application of our embedding and trace results we show maximal i^-L'?-regularity for the 
fully inhomogeneous linearized two phase Stefan problem with Gibbs-Thomson correction, which 
is given by 



(9.1) 



^.u + dtu — Aw 


= / 


in I 


^+ 


X I 






= 


on 


R+ 


X 




u + A'/i 


91 


on 


R+ 


X 




dth - ld,u\ 


= 92 


on 


R+ 


X 




u\t=o 




in I 






h\t=o 


= /lo 


on 




-1 





Here we have ^l>{),W^ = W^-^ x (M\{0}), and 

denote the jump of u and of the outer normal derivative d^u along dR'^ — R''^-'^, respectively. 
Moreover, A is the Laplacian on M'' and A' is the Laplacian on R^~^. Note that the equation 
in the third line of (19. ip must be read as u\]^d-i + A'h = gi. The inhomogeneities /, (71,52 and 
the initial values mq, /iq are assumed to be given. We are looking for strong solutions (u, h) which 
satisfy (19.11) pointwise almost everywhere. 

One ends up with (19.11) after transforming and linearizing the full two-phase Stefan problem 
with Gibbs-Thomson correction, which is a free boundary problem modelling phase transitions 
in liquid-solid systems, to a fixed phase boundary and extending to M'', see [HI Section 7]. The 
unknown u describes the heat concentration in the phases M^, and the graph of the second 
unknown /i, which only lives on the boundary, is the transformed free phase boundary. 

The corresponding one phase problem was considered in an L^'-L^'-setting in |161 Section 5]. 
The fully inhomogeneous two phase problem ()9.1|) was treated in [1_8| Theorem 6.1] in an L^- 
L^'-setting. For trivial initial data wq = and — Q \t was treated in an L^-L'-setting in [28l 
Theorem 7.34], where p £ (1, 00) and < q < 2p. 

In the L^-L'^-approach Triebel-Lizorkin spaces naturally come into play for p ^ q as the optimal 
time regularity of the boundary inhomogeneities and the unknown h. We also refer to |55[ 114) for 
the case of a heat equation with inhomogeneous Dirichlet or Neumann boundary conditions. In 
general, the motivation to work in an L^-L'-setting is when the scaling of the basic underlying 
space LP(M+; L'^{W^)) fits to the scaling of the problem under consideration only ii p q (see e.g. 
[Ill Section 1]). 

The purpose of this section is to extend the maximal L^-L'^-regularity results of [28l Theorem 
7.34] for (|9.1|) to the case of nontrivial initial values uq and ho. 
In the LP-L'^-approach one starts with 

f eEo:= LP {R+:L'^ Ok")), p,qG{l,oo), 

and looks for a solution (m, h) such that, at first, 

w e E„ := H^'P{R+; L'^(k'^)) H LP{R+; ij2.9(R'^)). 

The boundary inhomogeneities gi and 52 should have at least the regularity of the terms involving 
u arising in the corresponding equations. Combining [27j Theorem 2.2] and [28, Proposition 5.23] 
(see also [141 Proposition 6.4]), this suggests that 

51 eFi :=Fpi-i/(29)(K^.^9(K'i-i))nLP(M+; 52-1/9 (M^-i))^ 

52 e ¥2 := Fpi/2-i/(29)(M_^;L9(M'i-i)) nLP(M+;Si,-i/«(M'^-i)). 

Here, for a Banach space X, s > and p,q € (1, 00), the Triebel-Lizorkin spaces over the half-line 
are defined by restriction (see (551 Definition 5.4]), i.e., 

F;JR+;X) := {/ e LP{R+;X) : 3^ e F;JR:X) with gl^^ = /}. 
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It is shown in [351 Corollary 5.12] that for all s > 0, r e M and < q < 2p the restriction from 
R to M+ is a retraction from F^g{R;H''-i{M.'^-^)) to Fp'g(R+; ff'''«(K''"i)), and that there exists 
a universal coretraction. Of course, the same is true for any vector-valued L^'-space. This allows 
to transfer results for F-spaces over R to the corresponding i^-spaces over R+ by an extension- 
restriction argument. Here and below, the condition < q < 2p imposed [2 8) should not be 
essential, see also Remark 19.81 Note that in particular the case p = q is covered. 

The regularity of the boundary unknown h should now be such that A'h G Fi and dth G F2. 
We claim that 

h e Eh := n^;i^;^/(2«)(R+;i/2'«(R'^-i)) nLP(R+;B4- 

is sufficient for this purpose. 

Lemma 9.1. For p,q £ (l,oo) define 

th p ^^1-1/(29) (jj.^2,9(]^d-i)) p 

and analogously Fi and F2. Then A' : E/i — s> Fi and dt : E/j — > F2 are continuous. 

Proof. The assertion for A' follows from a direct pointwise estimate in the F- and the L''-norm. 
For the continuity of dt, we use Theorem 1 7. II to obtain 

where e > is such that 2 - 2/g - 4e > Using that then Fpi+^ ^ H^'P and iJ2-2/9-4£,g ^ 

Eh ^ i^p^//-^/(2'?^(R; L'>{R'^-^))nH^-P{R;Bl-^/'>{R'^-^)). 
This embedding together with [3S1 Proposition 3.10] shows that dt : Kh — > F2 is continuous. □ 

Remark 9.2. Employing 128] Corollary 5.12] and an extension- restriction argument, for < q < 
2p the assertions of Lemma [9.11 remain true if one replaces E/,,, Fi, F2 by E/j, Fi, E2. 

In the following we determine the temporal trace spaces of E„ and E/i, to which uq — u|t=o and 
ho — h\t=Q necessarily belong if {u, /i) G E„ x E^,. 

For s > 0, let -B^_p(R'') be the space of all vq G L«(R'') such that wqIrj e S| p(R^), where the 
latter spaces are as above defined by restriction (see [SUl Section 4.2.1]). It then follows from an 
extension- restriction argument and Theorem 11.41 that 

trou := w|f=o 

maps E„ continuously onto 

Xu := B^g-^/P{R''). 
The temporal trace space of E/j will be deduced from the following result. 

Proposition 9.3. Let p,q G (1, 00) be such that 1 — l/{2q), 1/2 — l/{2q) 1/p and consider again 
Then tro maps Eh continuously onto Xh, where 

Xh Bl-^/'i-^IP{R''-') if 1 - l/(2<7) < 1/p, Xh B^-^^l'^-^'^ [R'^-') if 1 - l/(2<7) > l/p. 

Moreover, if 1/2 — l/{2q) > l/p, then the operator ir^dt maps Eh continuously onto 

X9,h := Bl-^'^/^-^'PiR"-^). 

In each case there is a continuous map TZ : Xh x Xg^h — ^ F/j such that tro7^(/io, hi) = ho and, in 
case 1/2 — l/{2q) > l/p, such that tro9t7^(/io, ft-i) = hi for all (/io,/ii) G Xh x Xg^h- 
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Proof. To economize the notation we write L'' — (R'' F^^ — F^^ (R'' ^ ) and so on. Through- 
out, let £ be the total extension operator from Lemma [5^ 

Step 1. Assume 1 - l/(2q) < l/p. Let X = and A = (1 - A')^ with D{A) = H^''i. Then 
Theorem 11.41 implies that trp maps 

^ F3(2^1/(29)(R. J^) n^^l-l/(2g)(R.£,(^l/2)) 

into Da{3/2 - l/{2q) - l/p,p) = Bq^p'^^''^^^'^ . For the right-inverse, consider A = {1 - A')^ on 
X — F^i with -D(A) — By Corollary 15.41 the operator A is sectorial with angle (pA = 0. 

Then it follows from [50l Theorem 2.4.2.1] that B%~^l''~'^^^ = DA{i/2 - l/(2g) - l/p,p) as weh. 
By Lemma |8.4[ the operator 7?.(/io, ^i) '■= Se~'^hn maps this space continuously into 

Y := F^I,'-'/^'''\R; F^) H ^^°i(R; F^f^''). 

Since (|2.4p implies that F^j^ ^ L'^ and F^^'^^'^ M> i?^.^^^'', it remains to show that Y embeds into 
Fp,^^/^^''^(M;ij2'9). But this is a consequence of TheoremOand (EH). 

5<ep 2. Assume 1 — 1/(2^) > l/p > 1/2 — l/(2g). As above we start with the continuity of the 
trace. First we have 

F;,- 1/(29) (M; ^2,,) ^ f;;^V(2,) (r. ^2^)^ {R; iJ^-V?) ^ ^o^(M; F^-J/'^). 

Considering yl = 1 — A' on X = F^^^ with D{A) — F^oo; it follows from Theorem 11.41 and 
interpolation that trp maps continuously into 

For the right-inverse we consider A = 1 — A' on X = F^ ^ with D{A) = F^-^. Applying Lemma 

I8.4i we get that Tl{ho,hi) Sc^'^Hq maps -Bg,p^^*^^^^ = Da{2 — l/(2g) — l/p,p) continuously 
into 

Y F;-i/(2«)(M;F^"i) nF;,i(R;F;^7i/^). 

As above we obtain from that Y embeds into Fp//"^/'^'^^ (M; i?) and iP(R; B^,^^/''), and 

TheoremOshows that Y Fp."^/*^''^ (R; iJ^.?). 

S'iep 5. Assume 1/2 — l/(2q) > l/p. For h £ E/i, the regularity of tro/i is obtained as in the 
previous step. We determine the regularity oitiodth. Theorem 17.11 gives 

Eh ^ f3/2-i/(29)(r. LI) n Fpi;i/('«)(M; Fpig(R; i/2-2/9,9)_ 

It thus follows from [36l Proposition 3.10] that 

dt : E,, ^ Fpi//-i/(2«)(R. ^ ^o^(R. ^2-2/,,,) 

is continuous. Applying Theorem 11.41 with A = {1 — A')^ on X = L'^, we get that 
tro9t : E„ ^ (F^ i?^^^)i/2-i/(2g)-i/p,p = B^^^/Z'^-^^p 

is continuous. For the right-inverse we let X — F"]^, = 1 — A' with D{Aq) — F^^ and 
Ai ~ {1 — A')2 with F'(Ai) — F^i. Following the considerations in 15, Section 4.1], we set 

Tlo := 2£e-^° - fe^^^", Tli ~ (f e"-^^ - £e-^'^')A^\ 

Note that tro7?.o = id, tro9f7?.o = 0, tro7?.i = and tro9t7?.i = id. Hence 

TZ{ho,hi) := TZoho + TZihi 

satisfies tioTZ{ho, hi) = ho and tro9t7?,(/io, hi) = hi. In Step 2 we have shown that TZq : — s> E/i 
is continuous. Moreover, since A^^ maps Xa,/, to B^'.p'/''-^/^ and since we have shown in Step 
1 that £e~^^ maps 

^6-2/9-4/p 

we obtain that TZi : Xg^h — >■ E/j is continuous. Therefore 
TZ : Xh X Xg^h Eft, is continuous as well. □ 
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Remark 9.4. The methods from the proof above are not restricted to the special form of E^j and 
apply to general intersection spaces that arise in the context of the L^-L'-approach to initial- 
boundary value problems with inhomogeneous symbols as considered in [15[ 128] . We can further 
allow temporal weights as in [S^ in order to obtain flexibility for the initial regularity. The 
weighted approach is very useful when studying the long-time behavior of solutions (see e.g. |40j ) . 
For instance, the arguments from the proof above allow to determine the precise temporal trace 
space of 

m 
3=0 

where w{t) = with 7 G (— l,p — 1), which is the space of the boundary unknown in the U'-L'^- 
approach to boundary value problems of relaxation type (see [15, Section 2]). Here the numbers 
Kj and kj are determined by the orders of the differential operators involved in the problem. 

Remark 9.5. Arguing as in Remark l9.2| for < q < 2p the assertions of Proposition 19 .31 remain 
true if one replaces E/i by Kh- 

Remark 9.6. If temporal traces exist, then compatibility conditions for the data are required 
to obtain a strong solution {u,h) G E„ x E;j of (|9.1I) . If 1 — 1/(2^) > 1/p, then the static 
boundary conditions imply that |mo] — and gi\t=o = uo + A'/iq necessarily hold as well. In case 
1/2 — l/(2g) > 1/p also dth\t=Q exists, and thus the dynamic boundary condition implies that 
g2|t=o + [c'l/Uol enjoys at least the same regularity as dth\t=Q, i.e., that g2\t=o + Idi^uo} G Xgji — 
Bq^p^^'^ *^^(R'*^^). Observe that this condition is not trivial: if 52 is an arbitrary element of F2, 
then the trace theorem only gives g2\t=a G ^l^p^^"^ ^^^(R''"^), which is only half of the required 
smoothness. 

After these considerations we can extend [28, Theorem 7.34] to nontrivial initial values and to 
show maximal L^'-L'^-regularity for the fully inhomogeneous problem (|9.1|) . For the convenience 
of the reader we recall the spaces 

Eo = LP(R+; i«(]R'')), E„ = iJ^^f (R+; i«(M'')) n LP{R+; H^''^{R'^)), A„ = B^g;//P{R'^), 

El = Fpi-i/(2<j)(jj_^. 2,9(R'i-i)) n LP{R+; B^^g^/^R'^-^)), 

F2 = i^pi/2-i/(2'?)(R+;L'?(R'^-i)) nLP(R+;Bi_-i/«(R'^-i)), 

= FI{^-^/'^^'^\R+; L'^iR'^-^)) n F^-^^'^^'^\R+; H^''^{R'^-^)) n LP{R+; B^-^^ 
and further the trace spaces and Xg^h determined in Proposition [931 

Theorem 9.7. Let p G (l,cx)) such that ^ < q < 2p and 1 - 1/(2(7), 1/2 - l/(2<?) ^ l/p, and 
let /X > 0. Then there is a unique strong solution (w, /i) G E„ x E^ of (|9.ip if and only if 

/gEo, hi€¥i, h2e¥2, uo€Xu, ho e Xh, 

and the compatibility conditions 

luoj = 0, 31 It^o = uo~ A' ho if 1 - l/{2q) > 1/p, 

52|t=o + Id.uoi G X9,k if 1/2 - l/(2g) > 1/p, 
are satisfied. There is a constant C > 0, which is independent of the data, such that 

|k||E„ + \\h\W < C{\\f\\Eo + \\hl\\w, + \\h2\\w, + \\uo\U^ + WhoWx,). 

Remark 9.8. (i) In case p — q we precisely recover the result of [181 Theorem 6.1]. 
(ii) Theorem 19.71 is the basic ingredient to treat the original two-phase Stefan problem with 
Gibbs-Thomson correction ^18j Problem (1.3)] in an L^'-L'^-setting. 
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(iii) The restriction < q < 2p is due to the resuhs in [35] and, as indicated there, should not 
be essential. If one removes this condition in the results of [55], then the combination with 
our trace results from Proposition 19.31 gives maximal L^-L'^ regularity for all p,q € (l,oo), 
with the same arguments as given in the sequel. 

Proof of Theorem \9.7\ Step 1. The necessity of the regularity of the data and the compatibility 
conditions are a consequence of the previous considerations and the Remarks 19.21 19.51 and 19.61 
Further, uniqueness of solutions follows from the homogeneous case [551 Theorem 7.34]. 

Step 2. We claim that for aU / G Eq and uq G with |uo] = if 1 - 1/p > l/(2g) there is 
u G E„ satisfying 

(9.2) fiu + dtu - Au = f inM+xK'', [SI = on M+ x ]R''~\ u\t=o = uq inW^. 

To see this, extend uo|r<i to uq G Bq,p^^'' (W'-), and use [14, Proposition 6.1] to define w- G 
ffi'P(R+; L9(Ml)) n LP{M.+ ;H'^'i{M.'i)) as the restriction to Ml of the unique solution of 

^iv + ^tV-Av^f in E+ X M'', t;|t=o = in K''. 
Next, use [HI Proposition 6.4] and that uo\g^d = w_|Rd-i — "oIr^ if 1 — 1/p > 1/(2(7) to define 
w+ G H^'P{R+;Li{R'l)) n LP{R+; H^-i{R'l)) as the unique solution of 

fiv + dtv-Av — flj^d^ inR+xR'^, w|]{d-i = w_ |jjd-i onR+xM'^^\ v\t=o — uoW'^ in R^J.. 
Now the function u G E^, defined by u\^d_ — w±, satisfies (19. 2[) . 

Step 3. By Remark 1^31 there is /i G E/j such that /i|t=o = and dth\t=o = 92\t=o + id^uoj if 
1/2 — 1/(2(7) > 1/P- For u and h we consider the problem 
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Since u|r<j-i + A'h G Fi by [14^ Proposition 6.4] and Remark 19.51 and further 

gi\t=o - M|R^-i,t=o - ^'h\t=o =0 if 1/2 - 1/(2(7) > 1/p, 
by assumption, it follows from [55] Proposition 5.14] that 

51 - u\u--i - A'h G oFI-'^^^'^HR+;L%R^-')) n (R+; B^- i/P(M'i-i)), 

where oF^g denotes vanishing traces a.t t — 0. We further have dth — Idi^uj G F2 by Remark 
19.51 and [HJ Proposition 6.4], and as before it follows from g2\t=o — dth\t=Q + |<9i/u]|t=o = if 
1/2 - 1/(2(7) > 1/p that 

52 - d^h + ld,u\ G o^;'//-'/'^(M+; L\R^-^)) n LP(R+; Bl:^^ I ^ {R^~^)) . 

Hence [551 Theorem 7.34] provides a solution {w, a) G E„ xE/j of (|9.3p . Now (w+u, cr+Zi) G E„ xE/^ 
is the solution of (|9.ip . The asserted estimate of (u, /i) in terms of the data follows from the 
estimates in 14, 28 for partially homogeneous problems from above and the continuity of the 
extension operator from Proposition [9]3l □ 
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